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Abstract: We consider the thermodynamics and Geometrothermodynamics of the Myers-Perry 
black holes in five dimensions for three different cases, depending on the values of the angular 
momenta. We follow Davies approach to study the thermodynamics of black holes and find a non- 
trivial thermodynamic structure in all cases, which is fully reproduced by the analysis performed 
with the techniques of Geometrothermodynamics. Moreover, we observe that in the cases when 
only one angular momentum is present or the two angular momenta are fixed to be equal, i.e. 
when the thermodynamic system is two dimensional, there is a complete agreement between the 
divergences of the generalized susceptibilities and the singularities of the equilibrium manifold, 
whereas when the two angular momenta are fully independent, that is, when the thermodynamic 
system is three dimensional, additional singularities in the curvature appear. However, we prove 
that such singularities are due to the changing from a stable phase to an unstable one. 
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I. INTRODUCTION 



Black holes are very special thermodynamic systems. They are thermodynamic system since they have a tem- 
perature, the celebrated Hawking temperature and a definition of entropy via the Bekenstein area law 0, from 
which one can prove that the laws of thermodynamics apply to black holes Q. On the other side they are very 
special thermodynamic systems, since for instance the entropy is not extensive, they cannot be separated into small 
subsystems and, perhaps the worst fact, their thermodynamics does not possess a microscopic description yet (see 
e.g. Q for a clear description of these problems). 

In this puzzling situation, one of the most successful and at the same time discussed approach to the study of black 
holes phase transitions is the work of Davies Q. According to Davies, black holes can be regarded as ordinary systems, 
showing phase transitions right at those points where the generalized susceptibilities, i.e. second order derivatives 
of the potential, change sign most notably through an infinite discontinuity. Since there is no statistical mechanical 
description of black holes as thermodynamic systems, it is hard to verify Davies approach with the usual technique of 
calculating the corresponding critical exponents (although very interesting works on this subject exist, see for instance 
HSH). In fact, the main drawback of this approach is that one has to choose arbitrarily the order parameter for 
black holes. 

A possible resolution to this situation can then come from the use of thermodynamic geometry. Since the pioneering 
works of Gibbs [To[ and Caratheodory 11 1, techniques form geometry have been introduced into the analysis of 
thermodynamics. In particular, Fisher 12 j and Rao fl3j proposed a metric structure in the space of probability 
distributions which has been extensively used both in statistical physics and in economics (for a recent review see 



14|). Later, Wcinhold [15| introduced an inner product in the equilibrium space of thermodynamics based on the 



stability conditions of the internal energy, taken as the thermodynamic potential. The work of Wcinhold was then 
developed by Ruppeiner [l6| from a different perspective. Ruppeiner moved from the analysis of fluctuations around 
equilibrium and from the gaussian approximation of the probability of fluctuations and found a thermodynamic metric 
which is defined has (minus) the hessian of the entropy of the system. Remarkably, Ruppeiner geometry was found to 
be conformally related to the one proposed by Wcinhold. Moreover, Ruppeiner metric is intrinsically related to the 
underlying statistical model, in fact the scalar curvature of the Riemannian manifold representing the system using 
Rup peiner metric happens to have exactly the same exponent as the correlation volume for ordinary systems (see e.g. 



171 for a review) 



All these approaches have been widely used to study ordinary systems and in particular Ruppeiner metric has been 
also used to study many black holes configurations (see [lH and refences therein). This is because one can argue 
that, being Ruppeiner metric defined only from thermodynamic quantities and on the other side giving informations 
about the statistical model, then it can provide some hints towards the resolution of the long standing problem of 
understanding the microscopic properties of black holes (see e.g. [3). 

On the other side, the problem with the use of thermodynamic geometries to study black holes thermodynamics 
is that black holes are not ordinary systems, as we argued above. For instance, Ruppeiner metric in many cases 
gives exactly the same results of Davies approach (which is based upon ordinary thermodynamics), while in some 
other important cases they do not converge to the same results, as it happens for example in the Reissner-Nordstrom 
and Kerr cases (see e.g. jl8l - l20l |). One can argue either that Davies approach is inaccurate, or that the application 
of Ruppeiner metric to black holes may be imperfect, due to the strange nature of black holes as thermodynamic 
systems. In fact there is still an open debate on this topic (see e.g. the discussion in pH, l2l|). 

Furthermore, in the recent years, a new approach in the context of thermodynamic geometry has been proposed by 
Quevedo [2^|, known as Geometrothermodynamics (GTD). According to this approach, the Riemannian structure to 
be introduced in the equilibrium space should be consistent with the property of Legendre invariance, a property which 
is at the core of ordinary thermodynamics. In GTD some families of metrics have been found that share the Legendre 
invariance property and they have also been proven to interpret in a consistent manner the thermodynam ic prop erties 
of ordinary systems, chemical interactions, black holes configurations and cosmological solutions (see |22H3C| ). In 
particular, the correspondence between the divergences of the scalar curvature of the equilibrium manifold of GTD 
and the phase transition points signaled by the divergences of the heat capacity (i.e. phase transitions a la Davies) 
seems to be a general fact, according to the variety of systems analyzed so far and to the general expressions given in 



3l|. In addition, a recent study 32( of the thermodynamics of the Reissner-Nordstrom and Kerr black holes in any 



dimensions suggested that the GTD approach can detect not only the points of phase transitions due to singularities 
of the heat capacities, but also divergences of the full spectrum of the generalized susceptibilities. 

The thermodynamic properties of the Myers-Perry black holes in five dimensions have been extensively studied in 
the literature from completely different points view (see e.g. fH I20I l33l - [36| ) In this work, we give special emphasis on 
the relation between divergences of the generalized susceptibilities and curvature singularities of the metric from GTD. 
For example, we do not consider here possible phase transitions related to change in the topology of the event horizon, 
an intriguing question which was addressed e.g. in Q). We find out that the GTD thermodynamic geometry is always 
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curved for the considered cases, showing the presence of thermodynamic interaction, and that its singularities always 
correspond to divergences of the susceptibilities or to points where there is a change from a stable to an unstable 
phase. This will allow us to infer new results on the physical meaning of the equilibrium manifold of GTD. 

The work is organized as follows. In Sec. [XT] we present the basic aspects of GTD and introduce all the math- 
ematical concepts that are needed. In Sec IIIII we perform the parallel between the thermodynamic quantities and 
the Geometrothermodynamic description of the five dimensional Myers-Perry black holes for three different cases, 
depending on the values of the angular momenta. Finally, in Sec. IIVI we comment on the results and discuss possible 
developments. 



II. BASICS OF GEOMETROTHERMODYNAMICS 

Geometrothermodynamics (GTD) is a geometric theory of thermodynamics recently proposed by H. Quevedo [22j . 
It makes use of contact geometry in order to describe the phase space T of thermodynamic systems and express the 
first law of thermodynamics in a coordinate free fashion. Furthermore, GTD adds a Ricmannian structure G to the 
phase space and requests G to be invariant under Legendre transformations, in order to give it the same properties 
which one expects for ordinary thermodynamics. Moreover, GTD introduces the manifold of the equilibrium space 
£ as the maximum inte gra l submanifold of the contact structure of T, characterized by the validity of the first 
law of thermodynamics [22[. At the same time, GTD prescribes also to pullback the Riemannian structure G to 
the equilibrium space. This results in a naturally induced Riemannian structure g in £ , which is supposed to be 
the geometric counterpart of the thermodynamic system. Such a description has been proposed in order to give 
thermodynamic geometry a new symmetry which was not present in previous approaches, i.e. the Legendre invariance. 

Let us see now the mathematical definitions of the GTD objects that we shall use in this work. If we are given a 
system with n thermodynamic degrees of freedom, we introduce first a (2n + 1)— dimensional space T with coordinates 
Z A = {$, E a , I a }, with A — 0, 2n and a = 1, . . . , n, which is known as the thermodynamic phase space [22l |. We 
make use of the phase space T in order to correctly handle both the Legendre transformations and the first law of 
thermodynamics. In fact, in classical thermodynamics we can change the thermodynamic potential using a Legendre 
transformation, which is defined in T as the change of coordinates given by [37j 

{$, E a , I a ] — ► {$, E a , I a } , (1) 

$ = § - 5 k iE k P , E l = -P, E j = W, E = E\ V = V , (2) 

where i U j can be any disjoint decomposition of the set of indices {1, ...,n}, and k,l = 1, We remark that 
Legendre transformations are change of coordinates in T and that they are not defined in the equilibrium space. 
Moreover, the phase space T is equipped with a canonical contact structure called the Gibbs 1-form defined as 

6 = d$ - S ab I b dE a = d<£> - I a dE a , (3) 

which extremely resembles the first law of thermodynamics and hence will be the starting point to define the equilib- 
rium space. 

Furthermore, the equilibrium space £, is the n-dimcnsional submanifold of T defined by the embedding ip : £ — > T 
under the condition 

<p*(Q) = , i.e. d$ = I a dE a and /„=__, (4) 

oE a 

where <p* is the pullback of ip. It follows immediately from ([3]) that |4]) represents both the first law and the equilibrium 
conditions for the thermodynamic system under analysis, so that £ results to be (by definition) the submanifold of 
points where the first law and the equilibrium conditions hold, i.e. the geometric counterpart of the thermodynamic 
system. It also follows that the coordinates {Z A } of T assume a physical meaning in £. In fact, the set {E a }, with 
a = 1, ...,n, can be identified with the extensive thermodynamic variables, while $ = $(_E a ) with the fundamental 
equation for the thermodynamic potential and finally the coordinates {/ a } = {I°jE a )} = {8e"^}, a = l,...,n, 
represent the intensive quantities correspoding to the extensive set {E a } (see e.g. [38[ for these definitions). 

Now let us add the Ricmannian structure. Since we want the Ricmannian structure to share the same properties of 
the first law and since the first law is invariant under Legendre transformations, we introduce in the phase space T a 
metric G which is invariant under Legendre transformations. In GTD there are several families of metrics which have 
this property (for a recent work on this topic see [39:]). Among them, one has been proven particularly successful to 
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describe systems with second order phase transitions, as black holes are supposed to be. Thus the candidate metric 
we shall use in this work is 

G = (d<S> - I a dE a ) 2 + A(UE a I b ) ( Xcd dE c dI d ) , (5) 

where £ a {, and \ab are diagonal constant tensors, and A is an arbitrary Legendre invariant function of the coordinates 
{Z }. In particular, we choose to fix A = 1, £ a {, = <5 a b = diag(l, 1) and \ab — Vab = diag(— 1, 1, 1) in order to 
get the exact expression for the metric describing black holes phase transitions (see also [Hj]). 

On the other side, we are not interested in the geometric representation of the phase space, while we care about the 
geometric properties of the thermodynamic system, which is paralleled by the equilibrium space £ . Thus, we pullback 
the metric G onto £ and obtain a Riemannian structure for the equilibrium space which reads 

where ip* is the pullback of ip as in Q and rj^ = diag(— 1, 1, 1). We remark that g 11 is (by definition) invariant 
under (total) Legendre transformations (see e.g. [HI)- Moreover, we also note that g 11 can be calculated explicitly 
once the fundamental equation $ = $(E a ) is known. 

The main thesis of GTD is that the thermodynamic properties of a system described by a fundamental equation 
<fr(E a ) can be translated into geometrical features of the equilibrium manifold £, which in our case is described by 
the metric g 11 . For example, the scalar curvature of £ should give information about the thermodynamic interaction. 
This means that systems without interaction shall correspond to flat geometries and systems showing interaction and 
phase transitions should correspond to curved equilibrium manifolds having curvature singularities. It has been tested 
in a number of works (see for instance |22h26{) that indeed such correspondence works. Furthermore, a previous work 
[32j studying the thermodynamics and GTD of the Reissner- Nordstrom and of the Kerr black holes in any dimensions, 
highlighted that curvature singularities of g 11 are exactly at the same points where the generalized susceptibilities 
diverge. 

In this work we extend the work in [32| to the case of Myers-Perry black holes in five dimensions, with the aim of 
both analyze their thermodynamic geometry and to focus on the idea of checking what happens with a change of the 
potential from $ = M to $ = S in the GTD analysis. The investigation of the phase structure of Myers-Perry black 
holes in five dimensions is thus a matter which is interesting by itself and that will provide us the necessary ground for 
a new test of the correspondence between the thermodynamic geometry g 11 of GTD and black holes thermodynamics. 



III. MYERS-PERRY BLACK HOLES 



The Kerr black hole can be generalized to the case of arbitrary dimensions and arbitrary number of spins. It turns 
out that, provided d is the number of spacetime dimensions, then the maximum number of possible independent 
spins is (d— l)/2 if cf is odd and (d— 2)/2 if d is even [40| . Such general configurations are called Myers-Perry black 
holes. They deserve a special interest because they are the natural generalization of the well-known Kerr black hole 
to higher number of spins and because they are shown to coexist with the Emparan-Rcall black ring solution for some 
values of the parameters, thus providing the first explicit example of a violation in dimension higher than four of the 
uniqueness theorem (see e.g. [IjJ for more details). The line element of the Myers-Perry black hole with an arbitrary 
number of independent angular momenta in Boyer-Lindquist coordinates for d = 2 n + 1 (i.e. odd d) reads [40j 

r 2 / n \ 2 II F n 
ds 2 = -dt 2 + £- + V a; Mi + n 2 + zZ ^ + a ^ W + ' 



with 



and 



l—l / 2—1 



n 2 2 n 



IGttG M _ {d-2) Ji 

^ ~ (d — 2) 0( d _ 2 ) ' ai ~ 2 M ' W 
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where f2(d_2) = Y^n) j i s ^ ne mass of the black hole, Jj = Jx, . . . , J n are the (d— l)/2 independent angular momenta 
and the constraint X)"=i fH = 1 holds. Solving the equation <? rr = 1/ g rr = 0, one finds the radius of the event horizon 
(in any dimensions) and thus derives the area and the corresponding entropy, using Bekenstein area law [20| . 

In particular, in this work we are interested in the five dimensional case, i.e. when d = 5. Myers-Perry black holes 
in five dimensions can have up to 2 independent angular momenta and the general equation for the area reads poj 



A=—(rl +a*)(r* +a\), (9) 

where r + is the radius of the event horizon. From the above expression the entropy can be calculated, being 

S = ^ = ±(rl + al)(rl + at), (10) 

where we choose ks and G such that S simplifies as in the second equality in (jlOp . 

Since it is rather complicated to calculate explicitly the above expression for the entropy, we will use the M 
representation throughout the paper. This is possible since the mass can be written in terms of S, J\ and J2 as [2(| 



M(S, J U J 2 ) = \ Si (l + 4^) 3 (l + 4^) 3 ■ (II) 

Eq. thus represents the fundamental equation for the Myers-Perry black hole in five dimensions as a thermody- 
namic system. Starting from Eq. we can analyze both the thermodynamic properties and their gcometrother- 
modynamic counterparts. We will split the work in order to consider the three most interesting cases, i.e. when one 
of the two angular momenta is zero, when they are both non-zero but equal and finally when they are both non-zero 
and different among each other. 



The case J2 = 



If cither Jx = or J 2 = 0, we obtain the Kerr black hole in 5 dimensions, which has been analyzed in 32j. Such 
a configuration shows a rich thermodynamics, whose phase transition structure can be investigated calculating the 
corresponding generalized susceptibilities that are defined in the M potential. Let us suppose that J 2 = 0. The heat 
capacity at constant angular momentum J\ reads 

M S 3S(S 2 + 4J 2 ) 

the compressibility can be expressed as 

_i 3(5 2 + 4J 1 2 )t 

t nr. = ot /OC2 772T> ( 13 ) 



JxMj.j, 2J 1 (3S 2 -4J 1 2 ) 



and the expansion reads 



1 3(5 2 + 4J 2 )l 

"^j^sjr-s—^' (14) 

where we make use of the notation M&a = and M E a E b = dE J^ E b , for E l = S,J\. Wc sec immediately that 
as does not show any singularity (apart from the extremal limit S = 0), while Cj 1 diverges at the Davies point 
S 2 = 1 2 J 2 and ks shows another possible phase transition at the point indicated by 35 2 = 4J 2 . As it was pointed 
out in [32| , both the singularities of the heat capacity and of the compressibility are in the black hole region and hence 
are physically relevant. 

The GTD geometry ([6]) with fundamental Eq. (fTTj) for the case J 2 = was analyzed in [32| both in the mass and in 
the entropy representation, i.e. using $ = M and (E 1 = S,E 2 = Ji) or $ = S and (E 1 = M,E 2 = Ji), respectively 
to write the metric It turns out that in both representations the geometry is curved, indicating the presence of 
thermodynamic interaction, and the singularities of the scalar curvature are situated exactly at the same points where 
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the response functions Cj t and ks diverge. It was also commented that Weinhold geometry is fiat in this case and 
the Ruppeiner thermodynamic metric diverges only in the extremal limit S = (see e.g. [20| for a complete analysis 
using these metrics). 

In this work we extend the analysis of (32j and show that when we add a second spin there is still a concrete 
correlation between the geometric description performed with g 11 and the thermodynamic properties. To do so, we 
first focus on the special case of equation (|llj) in which J\ = J2 = J , and afterwards we will consider the completely 
general case, i.e. with J\ and J2 both different from zero and from each other. In that case, we will get a 3-dimcnsional 
thermodynamic manifold labelled by (E 1 = S,E 2 = Ji,E 3 = J2) and hence will consider the 3-dimcnsional version 
of the metric ([6]). 



B. The case J\ = J2 = J 

Another interesting special case in Eq. (Jill) is the case in which the two angular momenta are fixed to be equal, i.e. 
Ji — J2 = J. This is interesting from the mathematical point of view since it is the only case in which the angular 
momenta are both different from and at the same time the thermodynamic manifold is 2-dimensional. In fact, the 
mass fundamental equation (TTTj) in this case reads 

M{S,J) = ^Si (l + 44V ■ (15) 



4 V S 2 , 

The response functions can then be accordingly calculated. The heat capacity at constant angular momentum J reads 



_ Ms _ 3S(16J 4 -S 4 ) 
J M SS S 4 - 32J 2 S 2 — 80 J 4 ' 1 ' 



the compressibility can be expressed as 



and the expansion is 



1 _ 3ffl(ff 2 +4J 2 )l 
^ 5 JMjj 4J(3S 2 + 4J 2 ) ' ( ] 



a 1 3 5§(5 2 +4^)f 

S J M s , j 16 J 2 (5 2 + 2J 2 ) ' [ ' 

where we use the notation Me» = and M E a E b = gE aQ E b , for E l = S, J. We immediately see that in this case 
as and ks do not show any singularity, while Cj diverges at the roots of the denominator T>c = S 4 — 32 J 2 S 2 — 80 J 4 . 
We also observe that the temperature of this black hole is given by 

T=^L = l S2 ~ 4J2 (19) 

It follows that the extremal limit T = in this case is reached when = j. 

Solving the Eq. T>c = 0, we find that the singularities of the heat capacity are situated at a value ^critical for the 
entropy such that 



S 2 



S =5 critical 20 



(20) 



which is less than the extremal limit. Therefore Davies point of phase transition belongs to the black hole region and 
we shall investigate it. 

From the point of view of Geometrothcrmodynamics, given the fundamental equation (|15j) and the general metric 
(IH]), we can calculate the particular metric and the scalar curvature for the equilibrium manifold of the MP black hole 
with two equal angular momenta, both in the mass and in the entropy representations. 
The metric in the M representation reads 



5 4 / 3 (S 2 + 4J2)2/3\i2 S 2 
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therefore its scalar curvature is 

Rm = V 2 C (3S 2 + 4J 2 ) 2 ' (22) 

where Mm is a not very illuminating function that never vanishes when the denominator is zero and T>c is exactly the 
denominator of the heat capacity. Hence it follows immediately that singularities of the heat capacity correspond to 
singularities in Rm- We remark that 3S 2 + 4J 2 , though being always different from (thus not indicating any phase 
transition in this case), is exactly the denominator of the compressibility. 

In [3!| it was presented a general relation (see Eq. (36) therein) to express g 11 with $ = S (i.e. in the S 
representation) in the coordinates of the M representation (i.e. {E a } = (S, J)). Such relation in our case reads 

9s = — [ T MssdS 2 + 2 fi M ss dS d,J+{2Q M SJ - T Mjj) dJ 2 ] , (23) 

where T = is the temperature, fl = ^j- is the angular velocity at the horizon and M E a E b = dE J^ Eb 1 f° r E l = S, J. 
Using Eq. ([23|) and Eq. ([15)) for the mass in terms of S and J, we can calculate the expression for metric g^ 1 in the 
coordinates (S, J), which reads 

9s ~ 3(S 2 + 4J 2 )(S + 2J) 2 (S-2J) 2 \ 2 VcdS + (24) 

, 8^(3^ 2 - 4J 2 ) ^ dSdj _ ^9^ + 1565V 2 + 112^^ - 448 J° dj2 



(S + 2J)(S -2J) ° (S + 2J)(S -2J) 

Therefore its scalar curvature is 

Ms 

Rs = (3S 2 -AJ 2 ) 3 {S 2 + U 2 ) 2 'D 2 C ' (25) 

where Ms is a function which never vanishes at the points where the denominator is zero. From Eq. (|25[) . we see that 
the denominator of the heat capacity is present in the denominator of Rs- Furthermore, the factor S 2 + 4 J 2 is never 
zero, hence it does not give any additional singularity. On the other hand, the factor 3S 2 — 4J 2 is clearly vanishing 
when j^z = I , which is readily greater than the extremal limit = j and hence it has no physical relevance in our 
analysis. 

We thus conclude that also in this case the GTD geometry g 11 exactly reproduces the phase transition structure 
of the Myers-Perry black holes both in the mass and in the entropy representation. We comment that in the entropy 
representation there is an additional singularity which does not correspond to any singularity of the response functions. 
However, such singularity is situated out of the black hole region and thus it is not to be considered here. We also 

S ( ' + 12 J* ') 

remark that Ruppeiner curvature in this case reads R = — ^-wja 4 - an< ^ hence it diverges only in the extremal limit, 
while Wcinhold metric is flat. 

In the next subsection we will analyze the general case of the Myers-Perry black hole in five dimensions, i.e. when 
the two angular momenta are allowed to vary freely. 



C. The general case in which Ji 7^ J2 7^ 

Perhaps the most interesting case is the most general one, in which the two angular momenta are allowed to vary 
freely. In this case the thermodynamic manifold is 3-dimensional and the mass fundamental equation is given by (jlip . 

The response functions can then be accordingly calculated. The heat capacity at constant angular momenta J\ and 
J2 reads 

M S 3(S 2 + U 2 )(S 2 + 4J 2 )(5 4 - 16J 2 Jf) 
(JI - Wa ' (26) 

where 

V c = S 8 - 12(J 2 + J 2 )S 6 - 320J 2 J 2 S 4 - 576JlJlS 2 {Jl + jf ) - 1280jV| . (27) 
The two compressibilities can be expressed as 

1 35i(5 2 + 4J 2 )l 

Sj2 Ji M JlJx 2MS 2 + 4J 2 )H3S 2 - 4J 2 ) ' 1 ' 



8 



and 



= 1 = 3Sf(S 2 + 4J 2 2 )* 
S,Jl J 2 Mj 2 j 2 2J 2 (5 2 +4J 1 2 )^(35 2 -4J|) ' 1 ' 



Finally, the expansions are given by 



1 3 S3(g 2 + 4J 2 )f(S 2 + 4J 2 )f 

as ' J2 JiM SJl 8 J 2 (S 4 + 6S 2 J 2 + 8./ 2 J 2 ) ' 



and 



1 Z S'HS 2 + AJ 2 )HS 2 + AJ 2 )i 

"g.Ji = r sr. . ~ ~o T2/C4 , c2t2 , o r2 72^ ' i 61 ) 



J 2 M SJ2 " 8 J 2 2 (5 4 + 65 2 J 2 + 8J 2 J 2 2 ) ' 
Moreover, we can define also 

1 3 5 2 / 3 (5 2 +4J 1 2 ) 2/3 (5 2 +4J 2 2 ^ 2/3 



^ = T7— = ^ V ~ ' /" ' ' 2/ ■ (32) 



M JlJ2 16 Ji J; 



2 



We immediately see that in this case neither 77 nor the expansions show any singularity, while Cj 1 .j 2 diverges when 
T>c = and the compressibilities diverge when 3S 2 — 4J| = and 35 2 — 4 J 2 = respectively. Furthermore, the 
temperature reads 

1 S" 4 - 1 fi T 2 T 2 

25 5 / 3 {S 2 + 4J 2 ) 2 / 3 (S 2 + 4J 2 ) 2 / 3 ' 1 ' 

hence the extremal limit is reached when = j. The heat capacity diverges when T>c — 0, which is an algebraic 
equation of degree 8 in S. We can solve numerically such equation and obtain the critical value S = Scritical in terms 
of Ji and J 2 . Taking only the roots which are real and positive, we can compare them with the extremal limit, by 
doing 



J1J2 



S 2 



J1J2 



02 

S— Scxtrcmal 



1 JlJ2 



S=Scritical ^ S 2 



(34) 

S— Scritical 



The plot of the result is given in Fig. 1 for some values of J\ and J 2 . As we can see from Fig. 1, the difference in Eq. 
(|34[) is always positive, hence the point of phase transition signaled by the divergence of the heat capacity is always 
in the black hole region. In the same way, we can solve the Eq. 35 2 — 4 J 2 = and see whether the divergence of the 
compressibility lies in the black hole region or not. It turns out that the denominator of ks.j 2 vanishes for values of S 

such that ^ = |, which means that = Therefore, we have that \ — |^ is positive provided J\ > 3J 2 for 
Ji > or Ji < 3 J-2 for J\ < 0. Summing up, the divergences of ks,j 2 can be in the black hole region for appropriate 
values of J\ and J 2 . Analogously, the divergences of Ks,J x can also be in the black hole region. 

For the GTD analysis, given the fundamental equation (fTTj) and the general metric (j6]), we can calculate the 
particular metric and the scalar curvature for the MP black hole with two free angular momenta, both in the mass 
and in the entropy representations. The metric in the M representation reads 



II = 1 fl V£ 2 

9m 3S 4 /3(S 2 +4J 2 )V3(^ + 4J 2 )V3\ AS 2 (S 2 + AJ 2 )(S 2 + 4J 2 ) 

(3S 2 -4J 2 )(S 2 +4J 2 ) ij2 (3S 2 -4J 2 )(S 2 +4J 2 ) Jj2 
^2 + 4 j2 dJ i + ^2 + 4 j2 dJ 2 +\QJ 1 J 2 dJ 1 dJ 2 

hence its scalar curvature is 

Rm ~ V% [35 4 - 45 2 (J 2 + J 2) - mJfJl] 2 (S 2 + 4J 2 ) 2 /3(^ + 4 j2)2/3 ' (36) 

where T>c is exactly the denominator of the heat capacity defined in Eq. (|27|) . Since there is no term in the 
numerator Mm which cancels out the divergences that happen when T>c = 0, we can conclude that every phase 
transition related to the heat capacity is properly reproduced by the scalar curvature Rm- In addition, in this case 
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FIG. 1: The difference between the extremal limit ( J ^i 2 — i) and the value of J ^ 2 at the critical point of the heat capacity, 
plotted for values of Ji and J2 in the interval [0, 10]. 



the factor 3S 4 — 4S 2 (Jf + Jf) — 16 Jf J| can also vanish, possibly giving an additional singularity which does not 
correspond to the ones shown by the response functions. It is easy to calculate that 3S 4 — AS 2 { J 2 + Jf ) — 16 Jf = 
for values of S such that 



JiJ2 1 (-4 - Jl + y/Jt + 14J?J? + j 2 4 



S 2 8 JiJ 2 

We can thus calculate the difference between the extremal limit ^r 2 - = \ and the critical value (|37[) . The result is 



(37) 



1 1 {-Jl - Ji + VJf + ujJj* + J 2 

4 ~ 8 U2 



(38) 



1 [Jl + Ji - W2 + ^Jf + TUlJi + Jl) Jl + Ji - y/Jt + ujJjJ + 4 



48 J 2 Ji 

which can be positive for appropriate values of J\ and J2 ■ Therefore such points of divergence of Rm are in the black 
hole region for some values of the parameters. Hence we conclude that the behavior of Rm perfectly matches the 
behavior of the heat capacity, but in this case it does not reproduce the additional possible phase transitions indicated 
by the singularities of the compressibilities and possibly shows some additional unexpected singularities. 

However, we immediately solve the problem of the physical meaning of such additional singularities. In fact, if we 
evaluate the determinant of the Hessian of the mass with respect to the angular momenta J\ and J 2 , we get 



4 35 4 - AS 2 ( J 2 + J 2 ) - 1QJ 2 J 2 
dct(Hcss(M) JlJ2 ) = Mj^Mj^ - M 2 iJ2 = 3 54/3(52 + 4^)4/3(52 + 4^4% > 



from which we can see that the numerator is exactly the factor in the denominator of Rm whose roots give the 
additional singularities. Since the Hessians of the energy in thermodynamics arc related to the stability conditions, 
we suggest that the physical meaning of such additional divergences of Rm is to be found in a change of stability of 
the system, e.g. from a stable phase to an unstable one. 

Using the relation (|23|) for g 11 between the M and the S representation, naturally extended to the 3-dimcnsional 
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case with coordinates (S, J\, J 2 ), i.e. 

u M - Jifii - J 2 fi 2 
5s = — 



T 3 



T M SS dS z + 2 Oi M SS dS dJt + (40) 
+ 2 2 M ss d5 d J 2 + (2 fli M s Jt - T Mj, , h ) d.J 2 x + (2 Q 2 M S j 2 - T Mj 2 j 2 ) dJ% + 
-2 (TMj 1 j 2 -n 1 M S j 2 ~n 2 M S j 1 )dJ 1 dJ 2 , 

we can calculate the metric in the S representation, which reads 



3(S 2 + 4J 2 )(S 2 + 4J 2 )(S 2 - 4Ji J 2 ) 2 (S 2 + 4Ji J 2 ) 2 \ 2 

* J ^ 2 + ^ . dSdJl + * g^M) ^ + 



(S 2 -4J 1 J 2 )(S 2 +4J 1 J 2 ) (S 2 -4J 1 J 2 )(5' 2 +4J 1 J 2 ) 

S 2 (S 2 + 4 J 2 ) 2 [35 6 + 26S 4 J 1 2 + 1445 2 J 2 J 2 + 320 Jf J|] 2 
~ 2 P C (5 2 -4J 1 J 2 )(^ 2 + 4J 1 J 2 ) rfJl + 

^ 2 (5 2 + 4 J 2 ) 2 [35 6 + 26S 4 J| + 1445 2 Ji 2 J| + 320 J| Jf] 2 
~ 2 2?c(^ 2 -4JiJ 2 )(5 2 + 4J 1 J 2 ) 1/2 + 

on S 2 J! J 2 (5 2 + 4J 2 )(S 2 + 4J|) [55 4 + 125 2 (J 2 + J 2) + 16J 2 Jf] 
" I?c(5 2 -4J 1 J 2 )(5 2 +4J 1 J 2 ) dJldJ2 

The scalar curvature can thus be calculated to obtain 

Rs = ■ (42) 

V 2 C [35 4 + 45 2 ( J 2 + Jf) - 16J 2 J 2 ] 3 S 2 {S 2 + 4J 2 )(5 2 + 4J 2 ) 

In this case we see again that the denominator of the heat capacity T>c is present in the denominator of Rs- Further- 
more, the second factor, which is slightly different from the factor in the denominator of Rm, vanishes for values of 
S such that 



J1J2 1 ji + jj + yjf + 14 ji ji + j 2 4 

S 2 8 JiJ 2 ' 1 ' 

Hence the above discussion for the additional singularity of Rm also applies in this case, that is, these points belong 
to the black hole region for some values of J\ and J 2 and Rs is diverging at these points, thus we have additional 
singularities in the scalar curvature which do not correspond to any phase transition signaled by divergences of 
the response functions. However, we comment that this additional singularities correspond to the vanishing of the 
determinant of the Hessian of the entropy S with respect to the angular momenta J\ and J 2 , therefore they indicate 
the changing from a stable configuration to an unstable one. 

To conclude, we observe that in [2(j the case of the full Myers- Perry black hole thermodynamics has been investigated 
using Weinhold and Ruppeiner thermodynamic geometries. The authors proved that both Wcinhold and Ruppeiner 
scalar curvatures only diverge in the extremal limit. 



IV. CONCLUSIONS 



In this work we analyzed the thermodynamics and thermodynamic geometry of different Myers-Perry black holes 
configurations in five dimensions, classifying them according to the values of the two possible independent angular 
momenta. 

To this end, we followed the approach of Davies for the standard analysis of the thermodynamic properties and used 
the approach of GTD for the thermodynamic geometric investigation. In particular, we know that in the context of 
GTD there is a family of metrics, usually indicated as g 11 , which has been proven so far to be well suited to represent 
black holes phase transitions. On the other hand, we also know that this family of geometries can be in principle 
completely different if one decides to work in the M potential or in the S potential (see (39[, where such family is 
referred to as (?t). The present work has been carried out with the twofold aim of understanding the phase structure 
of Myers-Perry black holes in five dimensions and infer new conclusions on the physical meaning of the metric g 11 , 
both in the mass and in the entropy representations. 
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Our results indicate that the Myers-Perry black holes in five dimensions have a non-trivial phase structure in the 
sense of Davies. Such thermodynamic phases are well reproduced by the GTD analysis in all the cases examined, while 
it is not reproduced by the thermodynamic geometries of Wcinhold and Ruppeiner, whose analysis has been observed 
to correspond to other approaches (see e.g. jj). We have also found that the scalar curvature of the metric g 11 shows 
a very similar behavior in the M representation to that of the S representation. In particular, for systems with two 
degrees of freedom we argue that no physical difference has been detected. On the other side, it seems that analyzing 
the general case in which both angular momenta are switched on, i.e. a thermodynamic system with three degrees of 
freedom, some problems might appear. In fact, the phase transitions signaled by the heat capacity are still obtained 
as curvature singularities in both representations. Nevertheless, the scalar curvature has some additional divergences, 
which can be in the black hole region for appropriate values of the angular momenta and that apparently are not 
related to the generalized susceptibilities of the system. However, we claim here that such additional divergences are 
linked to the vanishing of the hessian determinant of the potentials M and S respectively with respect to the two 
angular momenta, therefore they mark the passage from a stable phase to an unstable one. In our opinion this means 
that the physical meaning of the scalar curvature of the metric g 11 for thermodynamic systems with three degrees 
of freedom goes beyond the well established correspondence with the generalized susceptibilities, i.e. second order 
derivatives of the potential, encompassing also questions of stability related to their mutual relation, i.e. determinants 
of the hessian of the potential. We expect to extend this work in the nearest future and find a number of further 
examples which support (or discard) this thesis. We believe that this observation will help us to uncover the complete 
physical meaning of the thermodynamic curvature of the metric g 11 . 
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